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Structure Quasi-Po-Ternary Ideals 
in Po-Ternary Semirings 

Dr. D. MadhusudhanaRao, P. Siva Prasad, G. Srinivasa Rao 


Abstract — In this paper we introduce the definitions 
related to quasi-PO-ternary ideals and Bi-PO-ternary 
ideals in PO-ternary semirings and we study the relation 
between quasi-PO-ternary ideals and Bi-PO-ternary 
ideals in PO-ternary semirings. 

Mathematics Subject Classification: 16YIII0, 16Y99. 

Index Terms — Quasi PO-k-ternary ideal, quasi-PO- 
ternary ideal of T generated by A, quasi simple, 0-quasi 
simple, quasi k-PO-ternary ideal. 

I. Introduction 

The notion of semiring was introduced by Vandiver [III] in 
19III4. In fact semiring is a generalization of ring. In 1971 
Lister [2] characterized those additive subgroups of rings 
which are closed under the triple ring product and he called 
this algebraic system a ternary ring. MadusudhanaRao. D, 
Siva Prasad. P and SrinivasaRao. G [4, 5, 6, 7, 8] studied and 
investigated some results on partially ordered ternary 
semiring. 

II. PRELIMINARIES 

Definition II. 1[ 6] : A nonempty set T together with a binary 
operation called addition and a ternary multiplication denoted 
by [ ] is said to be a ternary semiring if T is an additive 
commutative semigroup satisfying the following conditions : 

i) [[ abc]de ] = [a[bcd]e] = [ ab[cde]] , 

ii) [(a + b)cd] = [ acd] + [bed], 

iii) [a(b + c)d] = [abd] + [acd], 

iv) [ab(c + d)] - [abc] + [abd] for all a; b; c; d; e £T. 

Note II.2[6] : For the convenience we write X { X 2 X 3 instead 
of [x,X 2 X 3 ] 

Note II.3[6]: Let The a ternary semiring. If A, B and C are 
three subsets of T, we shall denote the set 

ABC = [Zabc :a eA,be B,c e C } . 
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Note II.4[6] : Let T be a ternary semiring. If A, B are two 
subsets of T, we shall denote the set A + B = 

{a+b : a E A,b E and 2A = { a + a : aE A}. 

Note II.5[6] : Any semiring can be reduced to a ternary 
semiring. 

Definition II.6 [6]: A ternary semiring T is said to be a 
partially ordered ternary semiring or simply PO Ternary 
Semiring or Ordered Ternary Semiring provided T is 
partially ordered set such that a < b then 
0 )a + c <b + c and c + a < c + b, 

(2) acd < bed, cad < cbd and eda < cdb for all a, b, c, dE T. 
Throughout T will denote as PO-ternary semiring unless 
otherwise stated. 

Theorem II. 7 [6]: Let The a po-ternary semiring and 
A ct, B ct and CcT. Then (i) A £(A], (ii) ((A]] = (A], 
(iii) (A](B](C] £(ABC] and (iv) A £B =>A £(B] and 
(v) A £B =>(A] c(B], (vi) (A D B] = (A] fl (B], (vii) (A U B] 
= (A] U (B], 

Definition II.8 [6]: A nonempty subset A of a PO-ternary 
semiring T is a PO-ternary ideal of T provided A is additive 
subsemigroup of T, ATT Cl A, TTA £ A, TAT £ A and 
(A] £ A. 

Theorem II.9[8] : Let T be a PO-ternary semiring and A, 
B be two PO-ternary ideals of T, then the sum of A, B 
denoted by A + B is a PO-ternary ideal of T where A + B = 
{x = a + b / aE A, bE B). 

Theorem II.10[8]: Let A be a PO-ternary ideal of T. Then 
(A] is an ordered ternary ideal of T generated by A. 

Theorem II.11[8] : The left PO-ternary ideal of a 
PO-ternary semiring T generated by a non-empty subset 
A is the intersection of all left PO-ideals of T containing 
A. 

Theorem II.12[8] : The lateral ideal of a ternary semiring 
T generated by a non-empty subset A is the intersection of 
all lateral ideals of T containing A. 

Theorem II,13[8] : The right PO-ternary ideal of a 
PO-ternary semiring T generated by a nonempty subset 
A is the intersection of all right PO-ternary ideals of T 
containing A. 
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IE. QUASI-PO-TERNARY IDEALS 

We now introduce the notion of quasi -PO-temary ideals in 
PO-ternary semirings. 

Definition III.l: A non-empty subset Q of a PO-ternary 
semiring T is said to be quasi-PO -ternary idea/provided Q is 
a subsemigroups of (T, +) satisfying 

(1) TTQ n TQT n QTT £ Q 

(2) TTQn TTQTTn QTT£ Q and 
(El) (Q] £ Q. 


Example III. 2: Let T = M n (Z 0 ) be the PO-ternary 


semiring of the set of all 2 X 2 square matrices over Z Q , the 
set of all non positive integers. Let Q = 


[fa CP 

U° o y 


:aeZ 0 


Then we can easily verify that Q is a 


quasi-PO-ternary ideal of T. 


Theorem III.3: Every left PO-ternary ideal of a 
PO-ternary semiring T is a quasi-PO-ternary ideal of T. 

Proof: Assume that Q is a left PO-temary ideal of T. Then 
(TTQ]£ Q, but (TTQ] f) (TQT U TTQTT] f) (QTT] 
£(TTQ] £ Q. Hence Q is a quasi-PO-ternary ideal of T. 


Theorem III.4:Every lateral PO-ternary ideal of a 
PO-ternary semiring T is a quasi-PO-ternary ideal of T. 
Proof :Similar to EI.IE. 


Theorem III.5:Every right PO-ternary ideal of a 
PO-ternary semiring T is a quasi-PO-ternary ideal of T. 
Proof : Similar to EI.IE. 


Theorem III.6:Every two sided PO-ternary ideal of a 
PO-ternary semiring T is a quasi-PO-ternary ideal of T. 

Proof : Any two sided PO-temary ideal of T is a left 
PO-temary ideal and right PO-ternary ideal and any left 
PO-temary or any right PO-ternary ideal of T is a 
quasi-PO-ternary ideal of T. Therefore any two sided 
PO-temary ideal of T is a quasi-PO-ternary ideal of T. 


Theorem III.7:Every PO-ternary ideal of a PO-ternary 
semiring T is a quasi-PO-ternary ideal of T. 

Proof :Similar to EI.6. 


Note III.8: In general a quasi-PO-temary ideal need not be a 
left PO-ternary ideal, lateral PO-ternary ideal and right 
PO-ternary ideal of T. 


Example III.9: In example EI.2, Q is a quasi-PO-ternary 
ideal of T, but Q is not left PO-ternary ideal, lateral 
PO-temary ideal and right PO-ternary ideal of T. 


Theorem III. 10: Let T be a commutative PO-ternary 
semiring, then every quasi-PO-ternary ideal of T is a 
three sided PO-ternary ideal of T. 

Proof: Assume that T be a commutative PO-ternary semiring. 
Let Q be a quasi-PO-ternary ideal of T. Then (TTQ] n (TQT 
U TTQTT] n (QTT] £ Q. Since T be a commutative and Q £ 
T, then TTQ = TQT = QTT = TTQTT. Now TTQ n (TQT U 
TTQTT) n QTT = (TTQ n TQT n QTT) U (TTQ n TTQTT 
n QTT) £TTQ UTTQ =(TTQ] + (TTQ] = (TTQ]£ Q. 
Hence Q is a left PO-ternary ideal of T. Similarly Q is lateral 
PO-ternary ideal and right PO-ternary ideal of T. Therefore, 
every quasi-PO-temary ideal of T is a three sided ideal of T. 


N. 


rZ 


r\l"(n 


Theorem III.ll: The intersection of any system of 
quasi-PO-ternary ideals is a quasi-PO-ternary ideal of T 
or empty. 

Proof: Let { Q a j ^ A be a family of PO-ternary ideals of T 


and let Q = Q Q a 

ae A 

Assume that Q is not empty. Since Q a is a quasi-PO-ternary 

ideal for each a <E A xhen (q^T] D (TQ a T + TTQ a TT] D 
(TTQ a ]£ Q a for each aE A. 


Now for each aE A TTQ = TT( ne.)=n 7T G«= 

aeA ae A 

TTQ^ £ (TTQJ, TQT= T( f|e„ ) T = P\mj = 

ae A ae A 


TQ„T£ (TQ a T], TTQTT = TT( ("] Q a )TT = 

ae A 

C\TTQJT 

£ TTQ a TT£ (TTQ a TT], and TTQ = 

ae A 

TT( fl Qa ) = n Q" TT e QaTT£ (QaTT], Then (TTQ]n 

ae A aeA 

(TQT U TTQTT] n(QTT]£(TTQa]n (TQ a T U 
TTQaTT] fl (Q a TT] £ Q a for each aEA. Therefore 

(TTQ] D (TQT + TTQTT] D (QTT]£ C\Q a = Q. 

aeA 

Let x E Q a and y £ T be such that y <x. Let for each 

aeA 


aEA. Since y < x and x E Q a , yE Q a . Thus y E f|G« 

aeA 


(i-e- (Q] = 


fia 

\ae A 


=n<&]-n Q a = Q) ■ Therefore 

aeA aeA 


Q= f| Q a , is a quasi-PO-temary ideal of T. 

aeA 


Theorem III.12: Every quasi-PO-ternary ideal of a 
PO-ternary semiring T is a PO-ternary subsemiring of T. 
Proof :Let Q be a quasi-PO-ternary ideal of T. By definition 
ELI, Q is a subsemigroup of (T, +). Let a, b, c £ Q £ T. Then 
abc£(TTQ], a/?c£(TQT], and «/?<-;£ (QTT ]. Therefore 

abcE( TTQ]n (TQT U TTQTT] n (QTT] £ Q, since Q is a 
quasi-PO-ternary ideal of T and hence abcE Q. Therefore Q 
is a PO-ternary subsemiring of T. 

Lemma III.13: ^ Q is a quasi-PO-ternary ideal of a 
PO-ternary semiringT and S is a PO-ternary 
subsemiringof T, then QDS is a quasi-ideal of S. 

Proof: Assume that Qi = QDS f 0. Since Qi£ Q, it follows 
that SSQi D SQiS fl QiSS £ TTQ fl TQT fl QTT £ Q. 
Since Qi£ S and S is a PO-ternary subsmigroup of T. We 
have SSQi fl SQiS fl Q,SS £ S. Then SSQ! fl SQiS fl QiSS 
£Qi.Letx£ Qi and yE S such thaty <x. Since jf£ Q, y E Q.So 
y E Q|. Therefore Qi is quasi-PO-ternary ideal of S. 
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Theorem III. 14: The intersection of left PO-ternary ideal, 
lateral PO-ternary ideal and right PO-ternary ideal is a 
quasi-PO-ternary ideal of T. 

Proof :Let L, M, and R be the left PO-ternary ideal, lateral 
PO-ternary ideal and right PO-ternary ideal of T respectively. 
Let Q = L fl M fl R. Choose /£ L, mE M, r£ R. Since ImrE L 
n M n R, Q is not empty. Since TTQ £ L, TQT £ M and 
QTT £ R, then we have TTQ D TQT D QTT £ L fl M fl R = 
Q. Similarly, TTQ fl TTQTT fl QTT £ Q.Let jr£ L fl M fl R 
and y£ T such that y < x. Since v£L fl M fl R, y£L fl M fl R. 
Therefore Q = LnMflRisa quasi-PO-ternary ideal of T. 

Theorem III. 15: An additive subsemigroup Q of 
PO-ternary semiring T is a quasi-PO-ternary ideal of T, if 
Q is the intersection of a left PO-ternary ideal, a lateral 
PO-ternary ideal and a right PO-ternary ideal of T. 

Proof : Assume that Q is a quasi-PO-ternary ideal of T and L 
= (TTQ U Q], M = (TQT U TTQTT U Q], R = (QTT U Q], 
then by theorems 2.10, III.4, III.5, III.6, we have L is left 
PO-ternary ideal, M is lateral PO-ternary ideal and R is right 
PO-ternary ideal of T containing Q respectively. Thus Q £ L 
fl M fl R. Since Q is quasi-PO-ternary ideal of T. We have 
L n M n R = (TTQ U Q] n(TQT U TTQTT U Q] n (QTT 
U Q] = ((TTQ] n (TQT U TTQTT] n (QTT]) U (Q] £ Q 
U (Q] = Q.. Therefore Q = L n M fl R and hence Q is the 
intersection of left PO-ternary ideal, lateral PO-ternary ideal 
and right PO-ternary ideal of T. 

Definition III.16: Let A be a nonempty subset of an ordered 
ternary semi-ring T. The intersection of all quasi-PO-ternary 
ideals of T containing A is calledthe quasi-PO-ternary ideal 
of T generated by A and is denoted by Q(A). Moreover,Q(A) 
is the smallest quasi-PO-ternary ideal of T containing A. If A 
= {a}, wealso write Q({a}) as Q (a) or <a> q . 

Theorem III. 17 : Let A be a nonempty subset of an 

ordered ternary semi-ring T. Then 

Q(A) = (A]U [((TTA] n(TATuTTATT] n( ATT]). 

In particular, Q(«) = <a> q = (a] U((TTa] n(TaTuTTaTT] 
n(aTT]) for all a ET. 

Proof: By the theorem 11.11, 11.12, and 11.13, we have (A U 
TTA], (A U TAT U TTATT] and (A U ATT] are left 
PO-ternary ideal, lateral PO-ternary ideal and right 
PO-ternary ideal of T containing A, respectively. By 
theorem IB. 15, we have (TXA u A] n (TAT U TTATT U A] 
fl (ATT U A] is a quasi-PO-ternary ideal of T containing A. 
Thus Q(A) £ (TTA U A] n (TAT U TTATT U A] n (ATT U 
A] 

= (A] U ((TTA] U (TAT U TTATT] U (ATT]). By the 
theorem III. 15, we have 

(A] U ((TTA] U (TAT U TTATT] U (ATT]) 

= (TTA U A] n (TAT U TTATT U A] n (ATT U A] 

£ (TTQ(a) U Q(A)] n (TQ(A)T U TTQ(A)TT] n (TTQ(A) 
U Q(A)]£ Q(A). 

Hence Q(A) = (A] U ((TTA] U (TAT U TTATT] U (ATT]). 

Now we characterize the relationship between the 
minimality of the quasi-PO-ternary ideals and a quasi-simple 
and 0-quasi simple-PO-ternary semirings. 

Definition III. 18 :Let T be a PO-ternary semiring with a zero 
element. Then T is called quasi simple if T has no proper 
quasi-PO-ternary ideals of T. 


Theorem III.19: Let T be a PO-ternary semiring without 
a zero element. Then the following are equivalent. 

(1) T is a quasi-simple. 

(2) (TTa] n (TaTUTTaTT] n (aTT] = T for all aE T. 

(Ill) Q(a) = T for all aE T. 

Proof: (1) =* (2) :Suppose that T is quasi-simple and let a£T. 
By the theorem 2.11, 2.12, and 2.1 HI, we have (aUTTa], 
(aUTaTuTTaTT] and («U«TT| are left PO-ternary ideal, 
lateral PO-ternary ideal and right PO-ternary ideal of T 
containing A, respectively. By theorem III. 15, we have 

(TTaUa] fl (TaTuTTaTTUa] fl (aTTUa] is a 
quasi-PO-ternary ideal of T containing a. Since T is 
quasi-simple, thus (TTaUa] fl (TaTuTTaTTUa] fl (aTTUa] 
= T. 

(2) => (III) :Assume that (TTa] D (TaTUTTaTT] fl (aTT] = T 
for all aE T. By theorem III. 18, we have T = (TTa] n 
(TaTUTTaTT] fl (aTT]) £(a] U ((TTa] n (TaTUTTaTT] n 
(aTT]) = Q(a). Therefore Q(a) = T. 

(Ill) => (1) : Assume that Q (a) = T for all aE T. Let Q be a 
quasi-PO-ternary ideal of T and let aE Q. Then Q(a) = T, and 
so Q (a) £ Q £ T. Therefore T = Q and hence T is 
quasi-simple. 

Definition III. 20: Let T be a PO-ternary semiring with zero 
element, T n V {0} and I T I > 1. Then T is called 
0-quasi-simpleif T has no non zero proper quasi-PO-ternary 
ideals. 

Theorem III.21: Let T be a PO-ternary semiring with 
zero element, T UI =£ {0} and I T I > 1. Then T is a 
0-quasi-simple if and only if Q(a) = T for aE T\{0}. 

Proof: Suppose that T is a 0-quasi-simple and aE T\{0}. 
Then Q (a) ^ {0}. Since T is 0-quasi simple, therefore Q(a) = 
T. 

Conversely, suppose that Q(a) = T for all aE T\{ 0} . Let Q 
be a non-zero quasi-PO-ternary ideal of T and aE Q\{0}. 
Then Q (a) = T and Q (a) £ Q £ T implies that T = Q. 
Therefore, T is a 0-quasi-simple. 

Definition III.22: Aleft quasi-PO-ternary ideal Q of an 
ordered ternary semiringT without a zero element is called a 
minimal left quasi-PO-ternary ideal of T if thereis no aleft 
quasi-PO-ternary ideal A of T such that A £Q. Equivalently, 
if for anyleft quasi-PO-ternary ideal A of T such that A £Q, 
we have A = Q. 

Definition III.23: Alateral quasi-PO-ternary ideal Q of an 
ordered ternary semiringT without a zero element is called a 
minimal lateral quasi-PO-ternary ideal of T if thereis no 
alateral quasi-PO-ternary ideal A of T such that A £Q. 
Equivalently, if for any lateral quasi-PO-ternary ideal A of T 
such that A £Q, we have A = Q. 

Definition III.24: Aright quasi-PO-ternary ideal Q of an 
ordered ternary semiringT without a zero element is called a 
minimal right quasi-PO-ternary ideal of T if thereis no 
aright quasi-PO-ternary ideal A of T such that A £Q. 
Equivalently, if for any right quasi-PO-ternary ideal A of T 
such that A £Q, we have A = Q. 

Definition III.25: Atwo sided quasi-PO-ternary ideal Q of an 
ordered ternary semiringT without a zero element is called a 
minimal two sided quasi-PO-ternary ideal of T if thereis no 
atwo sided quasi-PO-ternary ideal A of T such that A £Q. 
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Equivalently, if for any two sided quasi-PO-ternary ideal A of 
T such that A £Q, we have A-Q. 

Definition III.26: A quasi-PO-ternary ideal Q of an ordered 
ternary semiringT without a zero element is called a minimal 
quasi-PO-ternary ideal of T if thereis no a quasi-PO-ternary 
ideal A of T such that A £Q. Equivalently, if for 
anyquasi-PO-ternary ideal A of T such that A £Q, we have A 

= Q. 

Theorem III.27: Let Q be a quasi-PO-ternary ideal of an 
ordered ternary semi-ring T without a zero element. 
Then Q is a minimal quasi-PO-ternary ideal of T if and 
only if it is the intersection of a minimal ordered left, a 
minimal ordered right and a minimal ordered lateral 
PO-ternary ideal of T. 

Proof: Suppose that Q is a minimal quasi-PO-ternary ideal of 
T. Then(TTQ] n (TQT U TTQTT] n (QTT]) £ Q. By the 
theorems2.1 1, 2.12, and 2.1 ID, we have (TTQ], (TQTU 
TTQTT] and (QTT] are left PO-ternary ideal, lateral 
PO-ternary ideal and right PO-ternary ideal of T and by 
theorem III. 15, we have (TT Q] n (TQT U TTQTT] n (QTT]) 
is a quasi-PO-ternary ideal of T. 

Since Q is minimal quasi-PO-ternary ideal of T. 

We have Q = (TTQ] n (TQT U TTgTT] n (QTT]). 

We claim that (TTQ] is a minimal left PO-ternary ideal of T. 
Let L be a left PO-ternary ideal of T such that L £ (TTQ]. 
Then (TTL] £(L] = L £(TTQ], 

Therefore, (TTL]n(TQT UTTQTT]n(QTT] £(TTQ]n (TQT 
UTTQTT]n(QTT] = Q. 

Since (TTL]n(TQTuTTQTT]n(QTT] is a quasi-PO-ternary 
ideal of T and Q is aminimal quasi-PO-ternary ideal of T,we 
have (TTL]n(TQT UTTQTT]n(QTT] =Q. 

Thus Q £(TTL] and so (TTQ] £ (TT(TTL]] £(TT(L]] = 
(TTL] £L. 

Hence, L = (TTQ]. Therefore, (TTQ] is a minimal left 
PO-ternary ideal of T. 

Similarly, we can show that (QTT] and (TQT [TTQTT] 
areminimal right PO-ternary ideal and minimal lateral 
PO-ternary ideal of T, respectively. 

Conversely, let Q = L D M D R where L, M and R are a 
minimal left PO-ternary ideal, a minimal lateral PO-ternary 
ideal and a minimal rightPO-ternary ideal of a PO-ternary 
semiringT, respectively. By theorem HI. 15, Q is a 
quasi-PO-ternary ideal of T. Let A be a quasi-PO-ternary 
ideal of T such that A £ Q. By theorems 2.11, 2.12, and 
2.1 IB, we have (TTA], (TAT U TTATT] and (ATT] are left 
PO-ternary ideal, lateral PO-ternary ideal and right 
PO-ternary ideal of T. Now (TTA] £(TTQ] £(TTL) £(L] = 
L. Since L is a minimal left PO-ternary ideal of T, we have 
(TTA] = L.Similarly, (TAT U TTATT] = M and (ATT] = R. 
Since A is a quasi-PO-ternary ideal of T and hence 
Q = LnMflR = (TTA] n (TAT U TTATT] n (ATT] £ A. 
Therefore A-Q. Hence, Q is a minimal quasi-PO-ternary 
ideal of PO-ternary semiringT. 

Theorem III.28: Let Q be a quasi-PO-ternary ideal of an 
ordered ternary semi-ring T without a zero element. If Q 
is quasi-simple, then Q is a minimal quasi-PO-ternary 
ideal of T. 

Proof : Suppose that Q is quasi-simple and let A be a 
quasi-PO-ternary ideal ofT such that A £Q. Therefore 
(QQA] n (QAQ U QQAQQ] n (AQQ] £ (TTA] n (TAT U 
TTATT] n (ATT] £ A and (A] n Q £ (A] = A. Therefore A 
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is a quasi-PO-ternary ideal of Q. Since Q is quasi-simple and 
hence Q = A. Hence Q is a minimal quasi-PO-temary ideal of 

T. 

Theorem III.29: Let T be an ordered ternary semiring 
without a zero element having proper quasi-PO-ternary 
ideals. Then every proper quasi-PO-ternary ideal of T is 
minimal if and only if the intersection of any two distinct 
proper quasi-PO-ternary ideals is empty. 

Proof: Let Qj and Q 2 be two distinct proper quasi-PO-ternary 
ideals of T. Byassumption, we have that Q| and Q 2 are 
minimal.If QiflQ 2 A0, then by Theorem HI. 11, QiflQ 2 is a 
quasi-PO-ternary ideal of T.Since Q|fiQ 2 £Qi andQj is 
minimal, we have QiflQ 2 = Qj. Since QiflQ 2 £Q 2 andQ 2 is 
minimal, we have QifiQ 2 = Q 2 . Therefore Qi = Qifl Q 2 = Q 2 . 
This is a contradiction and hence QiflQ 2 =0. 

Conversely, suppose that Q be a proper quasi-PO-ternary 
ideal of T and let A be a quasi-PO-ternary ideal of T such that 
A £Q. Then A is a proper quasi-PO-ternary idealof T. If A A 
Q, then by assumption, A = AflQ = 0. That is acontradiction. 
Hence, A = Q. Therefore, Q is a minimal quasi-PO-ternary 
idealof T. 

Definition III.30: A nonzero quasi-PO-ternary ideal Q of a 
PO-ternarysemiring T with a zero element is called a 
0-minimal quasi-PO-ternary idealof T if there is no a 
nonzero quasi-PO-ternary ideal A of T such that A 
£Q. Equivalently, if for any nonzero quasi-PO-ternary ideal A 
of T such that A £Q,we have A = Q. 

Note III.31: We also define a 0-minimal left PO-ternary 
ideal, a 0-minimal lateral PO-ternary anda 0-minimal right 
PO-ternary ideal of an ordered ternary semiring T with a 
zeroelement in the same way of a 0-minimal 
quasi-PO-ternary ideal. 

Theorem III.32: Let T be a PO-ternary semiring with a 
zero element. Then the intersection of a 0-minimal left 
PO-ternary ideal, a 0-minimal right PO-ternary ideal and 
a 0-minimal lateral PO-ternary ideal of T is either {0}or a 
0-minimal quasi-PO-ternary ideal of T. 

Proof : Let Q = LnMnRA {0} where L, M, and R are a 
0-minimal left PO-ternary ideal, a 0-minimal lateral 
PO-ternary ideal and a 0-minimal right PO-ternary ideal of T, 
respectively. By theorem III. 14, Q is a quasi-PO-ternary ideal 
of T. Let A be a non zero quasi-PO-ternary ideal of T such 
that A £ Q. By theorems 11.11, 11.12, and 11.13, (TTA], (TAT 
U TTATT], (ATT] are left PO-ternary ideal, lateral 
PO-ternary ideal and right PO-ternary ideals of T 
respectively. Then we get the following two cases: 

Case-7: (TTA] = {()], (TAT U TTATT] = {0}, (ATT] = {0}. 
If (TTA] = {0}, then (TTA] = {0} £A. Thus A is a nonzero 
left PO-ternary ideal of T. Since A £ Q £ L and L is a 
0-minimal left PO-ternary ideal of T. Then we have A = L. 
Therefore A = Q. Similarly, if (ATT] = {0} or (TAT U 
TTATT] = ]0], we get A = Q. 

Case-2: (TTA] * {0}, (TAT U TTATT] * {0}, (ATT] A {0}. 
Now (TTA] £(TTQ] £(TTL) £(L] = L.Since L is a 
0-minimal left PO-ternary ideal of T, we have (TTA] = L. 
Similarly,(TAT UTTATT] = M and (ATT] = R. 

Since A is a quasi-PO-ideal ofT, we haveQ = L flM HR = 
(TTA] n(TAT UTTATT] n(ATT] £A=> A = Q. Hence, Q is 
a 0-minimal ordered quasi-ideal ofT. 
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Theorem III.33: Let Q be anon-zero quasi-PO-ternary 
ideal of an ordered ternary semi-ring T with a zero 
element. If Q is 0-quasi-simple, then Q is a 0-minimal 
quasi-PO-ternary ideal of T. 

Proof : Suppose that Q is 0-quasi-simple and let A be 
anon-zero quasi-PO-ternary ideal ofT such that A £Q. 
Therefore (QQA] n (QAQ U QQAQQ] n (AQQ] £ (TTA] n 
(TAT U TTATT] n (ATT] £ A and (A] n Q £ (A] = A. 
Therefore A is a non-zero quasi-PO-temary ideal of Q. Since 
Q is 0-quasi-simple and hence Q = A. Hence Q is a 
0-minimal quasi-PO-ternary ideal of T. 

Theorem III.34: Let The an ordered ternary semiring 
with a zero element having non-zero proper 
quasi-PO-ternary ideals. Then every non-zero proper 
quasi-PO-ternary ideal of T is 0-minimal if and only if the 
intersection of any two distinct non-zero proper 
quasi-PO-ternary ideals is {0}. 

Proof: Let Qi and Q 2 be two distinct non-zero proper 
quasi-PO-ternary ideals of T. Byassumption, we have that Qi 
and Q 2 are 0-minimal. If QinQ 2 ^{0}, then by Theorem III. 1 1 , 
QiflQ 2 is anon-zero quasi-PO-ternary ideal of T.Since 
QiflQ 2 £Qi andQi is 0-minimal, we have QiflQ 2 = Since 
Q|fiQ 2 ££Q 2 andQ 2 is 0-minimal, we have QiflQ 2 = Q 2 . 
Therefore Qi = Qi fl Q 2 = Q 2 . This is a contradiction and 
hence QiflQ 2 ={0}. 

Conversely, suppose that Q be anon-zero proper 
quasi-PO-ternary ideal of T and let A be anon-zero 
quasi-PO-ternary ideal of T such that A £Q. Then A is a 
non-zero properquasi-PO-ternary idealof T. If A A Q, then by 
assumption, A = AflQ = {0}. That is acontradiction. Hence, A 
= Q. Therefore, Q is a 0-minimal quasi-PO-ternary idealof T. 

Theorem III.35: Let x be an idempotent element of a 
PO-ternary semiringT, that is, x"'(=xxx) >x. If R is a 
right PO-ternary ideal, M a lateral PO-ternary ideal, and 
L a left PO-ternary ideal of T, then (Roc], (xxMxx], and 
(jocL] are quasi-PO-ternary ideals of T. 

Proof: To show (Rxx], (xxMxx\ , and (xxL] are quasi-ideals of 
S, it is sufficient to show that 

(Rxx] = (R]C\(TxT+TTxTT] fl ( TTx ] , (xxMxx] = 

(xTT]r(M]r(SSx\, and 

(xxL\ = ( xTT] C(TxTllTTxTT ] fl(L]. 

For the first case, it is clear that (Rxx]£R fl TTx = (R fl TTx] 
= (R] fl (TTx]. 

Let aE (R] fl (TTx] =>a£ (R] and aE (TTx], 

n 

Now, aE (TT x]=>a < / S^X for some S[, t x E T. 

;= l 

n n n 

Therefore axx< ( ^ SfX )xx = ^ Sf (x xx) > ^ SfX >a. 

7=1 7=1 7=1 

It follows that aE (Rxx] and hence (Rxx] = (R] fl (TTx], 
Again a<cucx=>aE (TxT], Therefore we have aE 
(TxTuTTxTT], 

Thus (R] fl (TTx] £ (TxTuTTxTT], Therefore, (Rxx]= 
(R] ["1(7x7+77x77] D (TTx]. 

For the second case, we see that ( xxMxx ] £ (x77] n (M] fl 
(TTx], Let aE (x7T] fl (M] fl (TTx]. Then aE (xTT], aE (M] 
and aE (TTx], Now aE (xTT] and aE (TTx] 

n m 

= >a< = X XU jVj for some t-„ Uj, vjE T. 

7 = 1 j = 1 


Therefore xxaxx < xx( y sf X )xx 

7=1 

n n m 

- XX ^ Sf (x xx)>xx 2^ Sjt'X = XX ^ XUjVj = 

7=1 7=1 j= 1 

m m 

y (XXX)U-V - ^^XUjVj >a 

a i j=y 

=> a E (xxMxx] and hence (xxMxx] = (x7T]n(M]n(5'5'x]. 
For the third case it is similar to first case. 


IV. PRIME QUASI-PO-TERNARY IDEALS 


In this section, we introduce the notions of prime 
and semiprime quasi-PO-ternary ideals in PO-ternary 
semirings and some relevant counter examples are also 
indicated. 

Definition IV.l: A proper quasi-PO-ternary ideal Q of a 
PO-ternary semiring T is said to be prime quasi-PO-ternary 
idea/provided ABC E Q implies that A £ Q or B £ Q or C £ 
Q for some quasi-PO-ternary ideals A, B, C of T. 

Definition IV.2: A proper quasi-PO-ternary ideal Q of a 
PO-ternary semiring T is said to be semiprime 
quasi-PO-ternary idea/provided A 3 £ Q implies that A £ Q 
for some quasi-PO-ternary ideal A of T. 

Definition IV.3: A proper quasi-PO-ternary ideal Q of a 
PO-ternary semiring T is said to be weakly prime 
quasi-PO-ternary ideal provided Q£A, B£Q, C£Q and 
ABC £ Q implies that A = Q or B = Q or C = Q for some 
quasi-PO-ternary ideals of T. 

Theorem IV.4: Every prime quasi-PO-ternary ideal of T 
is a Semiprime quasi-PO-ternary ideal of T. 

Proof: Suppose that Q is a prime quasi-PO-ternary ideal of T 
and A be any quasi-PO-ternary ideal of T such that A 3 = AAA 
£ Q. Since Q is prime. Therefore A £ Q and hence Q is a 
Semiprime quasi-PO-ternary ideal of T. 

Note IV.5: The converse of the theorem 4.4. need not be true, 
i.e., every Semiprime quasi-PO-ternary ideal of T need not be 
a prime quasi-PO-ternary ideal of T. 


Example IV.6: Let T = M ^ (Z Q ) is a PO-ternary semiring 
of 2 X 2 square matrices over Z 0 . Let 
{(a 0^ ] 


Q 


v 0 0 y 


: a E Z n \ and a<b for a, bE Z n 


is a Semiprime quasi-PO-ternary ideal of T. But Q 
prime quasi-PO-ternary ideal of T. 


0 b 


Then Q 
is not a 


Since A = 


0 0 


be Zn 




ce Zn 


and 
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C = 


JfO 0 " 

|U °y 


: d e Z 


are quasi-PO-ternary ideal of T 


such that ABC £ Q. But A £ Q, B £ Q and C £ Q. 


Theorem IV.7: Every prime quasi-PO-ternary ideal Q of 
a PO-ternary semiring T is a weakly prime 
quasi-PO-ternary ideal of T. 

Proof: Suppose that Q is a prime quasi-PO-ternary ideal of T. 
Then there exist quasi-PO-ternary ideals A, B, C of T such 
that ABC £ Q. If Q £ A, Q £ B, C £ Q and ABC £ Q, Q is 
a prime quasi-PO-ternary ideal of T implies that A £ Q or B 
£ Q or C £ Q. Therefore A = QorB = QorC = Q and hence 
Q is a weakly prime quasi-PO-ternary ideal of T. 

Note IV.8: The converse of the theorem 4.7. need not be true, 
i.e., every weakly prime quasi-PO-ternary ideal of T is not 
prime quasi-PO-ternary ideal of T. 


Example IV.9: Let T = M 2 (Z () ) is a PO-ternary semiring 
of 2 X 2 square matrices over Z 0 . Let Q = 

\(a 0^ 1 

s : a, E 30Z n > and a<b for a , b 6 Z n . Then Q 

llo oj °j 

is a weakly prime quasi-PO-ternary ideal of T. But Q is not a 
prime quasi-PO-ternary ideal of T. Since A = 


a 0 


v o o y 


c = 


a e 2Z 0 1 , B 
f a 0^ 


a 0 
v 0 0 y 


a £ 3Z„ > and 


a E 5Z 0 > are quasi-PO-ternary ideal of T 


.,0 0 , 

such that ABC £ Q. But Q£ A, Q£ B and Q£C. 


Theorem IV.10: Let T be a PO-ternary semiring and Q be 
a quasi-PO-ternary ideal of T. If Q is prime, then Q is left 
or lateral or right PO-ternary ideal of T. 

Proof: Let Q be a prime quasi-PO-ternary ideal of T. Then 
(TTQXTQT U TTQTTXQTT) £ TTQ n ( TQT U TTQTT) n 
QTT £ Q. Since Q is prime, we have TTQ £ Q or TQT n 
TTQTT £ Q or QTT £ Q. therefore Q is left or lateral or 
right PO-temary ideal of T. 

Theorem IV.ll: Let T be a commutative PO-ternary 
semiring and Q be a quasi-PO-ternary ideal of T. Then Q 
is prime if and only if abcE Q implies aE Q or />£ Q or cE 

Q- 

Proof : Suppose that Q is a prime quasi-PO-ternary ideal of T. 
Let abcE Q. Then by theorem4. 10, Q is a PO-ternary ideal of 
T. Let xE<a> q <b> q <c> q . Then x = ((a] n (TTa]n 
(TaTuTTaTT] n (aTT]).((Z>] n (TT b] n(T/?TuTTaTT] n 
(/>TT]).((c] n (TTc] n (TcTuTTcTT] n (cTT]). Since abcE 
Q and Q is a PO-temary ideal of T. Therefore xE Q. Thus 
<a> q <b> q <c> q S: Q. Since Q is prime quasi-PO-ternary ideal 
of T. Hence aE Q or bE Q or cE Q. 

Converse is obvious. 


Proof: Suppose that Q is a prime quasi-PO-ternary ideal of T 
and let ((TTa] n (TaTuTTaTT] n (aTT]).((TT/>] n 
(TOTuTTfeTT] n (Z?TT]).((TTc] n (TcTuTTcTT] n (cTT]) 
£ Q for some a , b, cE T. Clearly, ((TTa] fl (TaTuTTaTT] n 
(aTT]), ((TT/;] n (TZ;TuTTZ;TT] n 0?TT]), ((TTc] n 
(TcTuTTcTT] fl (cTT]) are quasi-PO-ternary ideals of 
T. Since Q is prime, therefore ((TTa] fl (TaTuTTaTT] fl 
(aTT])£ Q or ((TT/;] n (T/?TUTT/;TT] n (/;TT]) £ Q or 
((TTc] n (TcTuTTcTT] n (cTT])£ Q. If ((TTa] n 
(TaTuTTaTT] fl (aTT])£ Q, then <a> ? £ Q implies that aE 
Q. Similarly, bE Q or cE Q. 

Converse is obvious. 

Theorem IV.13: Let T be a PO-ternary semiring. If the 
quasi-PO-ternary ideal of T with respect to inclusion 
relation form a chain, then every weakly prime 
quasi-PO-ternary ideal is a prime quasi-PO-ternary ideal 
of T. 

Proof: Let Q be a weakly prime quasi-PO-ternary ideal of T. 
Let A, B, C are quasi-PO-ternary ideal of T such that ABC £ 
Q. Suppose that A £ Q, B £ Q and C £ Q. By the statement 
since Q £ A, Q £ B and Q £ C. Since Q is weakly prime 
quasi-PO-ternary ideal of T. Therefore A = QorB = QorC = 
Q. This is a contradiction. Hence A £ Q or B £ Q or C £ Q. 
Therefore Q is a prime quasi-PO-ternary ideal of T. 

Theorem IV.14: Let T be a PO-ternary semiring. Then 
the following are equivalent 

(1) The quasi-PO-ternary ideal of T is 
idempotent. 

(2) If A, B, C are three quasi-PO-ternary ideals 
of T such that An BflC =£0, then AnBflC 
= ABC. 

(3) <a> q = [<a> 9 ] 3 for all aE T. 

Proof: (1) => (2): Suppose that A, B, C are quasi-PO-ternary 
ideals of T such that AflBHC f 0. Then by theorem 
ffl.l 1, AfiBnc is a quasi-PO-ternary ideal of T. Since every 
quasi-PO-ternary ideal is an idempotent. Therefore 

(AfiBnc) = (AfiBnc ) 3 = (AnBnc)(AnBnc)(AnBnc) 
£ ABC. 

(2) => (3): It is straight forward and (3) => (1) is obvious. 

Definition IV.15: A non-empty subset A of a PO-ternary 
semiring T is said to be m q -system provided for any a, /;, cE 
A, there exist x E<a> q , y E<b> q , z. £<c> ? and d E A such that 
xyz<d. 

Note IV.16: A non-empty subset A of a PO-ternary semiring 
T is called an m q -system if a, b, cE A, there existxE<a> 9 , 
y E<b> q , zE<c> q such that xyz £ (A]. 

Definition IV.17: A non-empty subset A of a PO-ternary 
semiring T is said to be n q -system provided for any a £ A, 
there exist x, y, z E<a> q and d E A such that xyz <d. 

Note IV.18: A non-empty subset A of a PO-ternary semiring 
T is said to be n q -system p ro v i d ed for any aE A, there exist x, 
y, zE<a> q such that xyz E (A]. 


Theorem IV.12: Let T be a PO-ternary semiring and Q be 
a quasi-PO-ternary ideal of T. Then Q is prime if and 
only if ((TTa] n (TaTuTTaTT] n (aTT]).((TTZ>] n 
(TftTuTTftTT] n (6TT]).((TTc] PI (TcTuTTcTT] n 
(cTT]) £ Q implies a£ Q or bE Q or cE Q. 


Theorem IY.19: Every m q -system is an q -system of 
PO-ternary semiring T. 

Proof: Suppose that the non-empty subset A of a PO-ternary 
semiring T is an m q -system. Let for any a£ A, there exist x, y, 
Z E<a> q . Since A is am q -system and hence xyz&A], 
therefore A is a n q -system of T. 
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Note IV.20: The converse of the theorem 4.19, need not be 
true, i.e., every n q -system of a PO-ternary semiring T need 
not be a m q -system of T. 

Example IV.21: Let T = Z 6 is a PO-ternary semiring under 

usual addition, multiplication modulo 6 and natural ordering. 
Let A = { -2, -3 }. Then A is a n q -system but not an m q -system. 

Theorem IV.22: Let T be a PO-ternary semiring and Q is 
a quasi-PO-ternary ideal of T. Then Q is prime 
quasi-PO-ternary ideal of T if and only if T\Q is 
an m q -system of T. 

Proof: Suppose that Q is a prime quasi-PO-ternary ideal of T. 
Let a, b, cE T\Q. 

Suppose that xyzid for all dE T\Q and for all x E<a> q , y £ 
<b> q and z £ «:> q . 

Then <a> q <b> q <c> q Q Q. Since Q is a prime 
quasi-PO-ternary ideal of T. 

Therefore aE Q or /;£ Q or c£ Q. This is a conUadiction. 
Therefore xyz< d for some xE<a> q , yE<b> q and z.E<o q . 
Hence T\Q is an m q -system of T. 

Conversely suppose that. A, B, C are 
quasi-PO-ternary ideals of T such that ABC £ Q. Assume 
that A £ Q, B £ Q and C £ Q. Let aE A\Q, bE B\Q and cE 
C\Q. Then a, b, cE T\Q. Since T\Q is an m ? -system. 
Therefore there exist an element dE T\Q such that xyz <d for 
some x E <a> q , y £ <b> q and z £ <c> q . But xyz £ 
<a> q <b> q <c> q Q ABC £ Q. This is a contradiction. Hence A 
£ Q or B £ Q or C £ Q. Therefore Q is a prime 
quasi-PO-ternary ideal of T. 

Theorem IV.23: Let T be a PO-ternary semiring and Q is 
a quasi-PO-ternary ideal of T. Then Q is semiprime 
quasi-PO-ternary ideal of T if and only if T\Q is an 
n q -system of T. 

Proof: Similar to the proof of the theorem IV.22. 

Definition IV.24: A quasi-PO-ternary ideal of a PO-ternary 
semiring T is said to be T -prime quasi-PO-ternary ideal of T 
provided xTyTz £ Q implies x £ Q or y E Q or z £ Q. 

Definition IV.25: A quasi-PO-ternary ideal of a PO-ternary 
semiring T is said to be T -semiprime quasi-PO-ternary ideal 
of T provided xTxTx£ Q impliesxE Q. 

Theorem IV.26: A quasi-PO-ternary ideal Q of a 
PO-ternary semiringT is T-prime if and only if RML £Q 
implies R £Q or M £Q or L £Q for any right PO-ternary 
ideal R, lateral PO-ternary ideal M and left PO-ternary 
ideal L of T. 

Proof: Let Q be a T-prime quasi-PO-ternary ideal of T and 
RML £ Q. Suppose R £ Q and M £ Q. Then there exist xE 
R\Qand y£M\Q. Letz£L. Then xTyTz£ RTMTL £ RML£ 
Q. Since Q is T-prime. Therefore, xE Q or y£ Q or z£ Q. But 
Q and y£ Q. Hence z£ Q and hence L £ Q. 

Conversely, suppose that xTyTz£ Q. Then 
(xTT)(TyT)(TTz) £.vTyTz£ Q. Since xTT is a right 
PO-ternary ideal of T, TyT is a lateral PO-temary ideal of T 
and TTz is a left PO-ternary ideal of T. Therefore, by 
hypothesis xTT£ Q or TyT£ Q or TTz£ Q.If xTT£ Q, then 
x 3 ExTTQQ. 

Now <x>,<x> m <x>i = (xUxTT] (xU TxT U TTxTT] (xU TT x] 
£(x] 3 U (xTTJ £ Q. By hypothesis <x> r £ Q or <x>,„£ Q or 


<x>/£ Q. Therefore x£ Q. Similarly, if TyT£ Q =>v£ Q and 
if TTz£ Q =>z£ Q. Hence Q is T-prime PO-ternary ideal of T. 

Notation IV.27: we use the following set defined as 
L(Q) = {x£ Q : (TTx] £ Q}, 

M(Q) = { x£ Q : (TxTU TTxTT] £ Q] 

R(Q) = { x£ Q : (xTT] £ Q] 

I l ={x£ L(Q) : (TTx]£ L(Q)} 

M I M = { xE M(Q) : (TxTuTTxTT]£ M(Q)} 

I r ={x£ R(Q) : (xTT]£ R(Q)}. 

Theorem IV.28: Let Q be a quasi-PO-ternary ideal of T. 
Then L(Q) is a left PO-ternary ideal of T contained in Q if 
Q is non-empty. 

Proof: Let x, y£L(Q) and ,v, tE T. Them, y£L(Q) =>.sfx£ 
(TTx] £ Q, styE (TTy] £ Q. 

=>.?fx, styE Q =>.?fx + sty = st(x + y) £ (TT(x + y)] £Q=>x + y£ 
L(Q) 

Now TT,vfx£TTx=> (TT.vfx] £ (TTx] £ Q. Therefore 
sfxEL(Q). 

Consequently, TTL(Q) £ Q. Hence L(Q) is a left PO-ternary 
ideal of T. 

Theorem IV.29: Let Q be a quasi-PO-ternary ideal of T. 
Then M(Q) is a lateral PO-ternary ideal of T contained in 
Q if Q is non-empty. 

Proof: Let x, y£M(Q) and s, tE T. Then x, y£M(Q) =>,vxf£ 
( TxT] £ Q, sytE ( TyT] £ Q. 

=>sxt, sytE Q => sxt + syt = s(x + y)tE (T(x + y)T] QQ 
=>x + y E M(Q) 

Now TsxtT£TxTuTTxTT => (TvxfT] £ (TxTuTTxTT] £ Q. 
Therefore ,vxf£M(Q). 

Consequently, TM(Q)TU TTM(Q)TT£ Q. Hence M(Q) is a 
lateral PO-ternary ideal of T. 

Theorem IV.30: Let Q be a quasi-PO-ternary ideal of T. 
Then R(Q) is a right PO-ternary ideal of T contained in Q 
if Q is non-empty. 

Proof: Let x, y£R(Q) and 5 , tE T. Then x, y£R(Q) 

=> xstE (xTx] £ Q, ystE (yTT] £ Q. 

=>xst, ystE Q =>xst + yst = (x + y)stE ((x + y)TT] £g 
=> x + y £ R(Q) 

Now xs?TT£xTT=> (x.v/TT ] £ (xTT] £ Q. 

Therefore xst £ R(Q). 

Consequently, R(Q)TT £ Q. 

Hence R(Q) is a right PO-ternary ideal of T. 

Theorem IV.31: Let Q is a T-prime quasi-PO-ternary 
ideal of a PO-ternary semiring T. Then Iq is a prime 
quasi-PO-ternary ideal of T. 

Proof: Let Q be a T-prime quasi-PO-ternary ideal of a 
PO-ternary semiring T. 

Suppose RML £ Iqfor any PO-temary ideals R, M and L of T. 
Now Iq£L(Q) £ Q implies RML £ Q. Since Q is T-prime, 
therefore, by theorem 4.26, we have R £ Q or M £ Q or 
L £ Q. Also Iq is the largest PO-temary ideal contained in Q, 
therefore, R £Iq or M £ I Q or L £ I Q . Hence Iq is a prime 
PO-ternary ideal of T. 

Corollary IV.32: Let Q is a Semiprime quasi-PO-ternary 
ideal of a PO-ternary semiring T. Then Iq is a Semiprime 
PO-ternary ideal of T. 

Theorem IV.33: If a PO-ternary semiring T is a regular, 
then every quasi-PO-ternary ideal of T is T-semiprime. 
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Proof: Suppose that T is regular and Q be a quasi-PO-ternary 
ideal of T. Let aTaTaE Q for a£ T. Since T is regular, 
therefore, for a 6 T, there exist x, yE T such that a<axaya. 
Thus a < axaya=>aE (aTaTa] EaTaTaE Q. Therefore ciE Q. 
Hence Q is a T-semiprime. 

V. QUASI-a:-PO-TERNARY IDEALS 

Definition V.l: An additive subsemigroup Q of a PO-ternary 
semiring T is said to be quasi-k-PO-ternary ideal of T 

provided QTT f] ( TQT U TTQTT ) fl TTQ cz Q and 
(Q] £ Q- 

Theorem V.2: Let T be a PO-ternary semiring and 

A, B, C E T. Then ABC = ABC . 

Proof: Since A E A , B £ B and C £ C , therefore, ABC 

E ABC . Hence ABC Cl ABC . Again, let xE A , yE B 

and zE C . Then there exist a h a 2 E A, /?,, b 2 E B and c h c 2 E C 
such thatx + a 2 - a 2 ,y + b/ = b 2 and z + c 2 - c 2 . Now 
xyz+ a 2 b 2 C\ + a 2 b l c 2 + a \ b 2 c 2 + af^i 
= xyz + (x + Ai)(y + Z?i)ci + a 2 b\c 2 + a\b 2 c 2 + af\C\ 

= xyz + xyci + xbiCi + ayyc \ + afiCi + a 2 b l c 2 +a l b 2 c 2 + af>iC\ 
= xyc 2 + xb^i + Aiyci + afiCi + a 2 b\c 2 +aib 2 c 2 + afiC\ 

= xyc 2 + xb\c i + Aiyci + af\Ci + (x + a{)bic 2 +a\b 2 c 2 + a\b\C\ 
= x(y + b{)c 2 + xb\C\ + a j(y + bfc\ + aib\c 2 +af> 2 c 2 + a\b\C\ 

= xb 2 c 2 + (x + Ai)biCj + a\b 2 C\ + a\b\c 2 + a\b 2 c 2 
= (a + a{)b 2 c 2 + a 2 b\C\ + ci\b 2 c\ + ct{b\c 2 = a 2 b 2 c 2 + a 2 b\C\ + 
ci\b 2 C\ + af\C 2 . 

As a,/?;C,E ABC, where i = 1,2. Therefore we can prove that 
xyzE ABC for xE A , yE B and zE C . Suppose that 

n 

re ABC . Then t = ^ a b c for some a;£ A , b,E B , 

III * 717 


c,e C . Thus t= ABC . Therefore ABC Cl ABC . Hence 

ABC (Z ABC = ABC . Therefore ABC = ABC . 

Definition IV.3: A PO-ternary semiring T is said to be 
k-regular provided for each a E T there exist 
x, yE T such that a + axa = aya. 

Theorem IV.4: If a PO-ternary semiring T is A> regular. 
Then every quasi-fc-PO-ternary ideal Q of T is of the form 

Q = QTQTQ = TTQ R ( TQT U TTQTT) fl QTT . 
Proof: Let Q be a quasiA-PO-ternary ideal of T. Then 
QTT fl ( TQT \JTTQTT) C\TTQ c Q and (Q] E Q. 
Let a£ Q and T is ^-regular, then there exist x, yE T such that 
a + axa = aya=>axa + axaxa = ayaxa. Since axaxa, ayaxaE 

QTQTQ. Therefore axaE QTQTQ . Similarly, 
ayaE QTQTQ . Since QTQTQ is Cclosed and hence 

a£ QTQTQ = QTQTQ. Therefore Q & QTQTQ . Again 
QTQTQ £Q(TTT)T E QTT and QTQTQ E TTQ and 
QTQTQ £ TTQTT and hence 

QTQTQ cz TTQ, QTQTQ c QTT and 

QTQTQ c TQT U TTQTT as 0 £ TQT . 


Thus we have Q 

£ QTQTQ £ QTT n (TQT U TTQTF) fl TTQ <z Q as 

Q is quasi A-PO-ternary ideal of T. Hence Q = QTQTQ - 
QIT fl (TQT IJ TTQ IT) fl TTQ . 

VI. Conclusion 

In this paper mainly we studied about quasi poA-temary 
ideals and full quasi poA-tcrnary ideals in PO-ternary 
semiring. 
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